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Abstract
By applying the method of moving frames modelling one dimensional
local anisotropies we construct new solutions of Einstein equations on
pseudo{Riemannian spacetimes. The rst class of solutions describes
non{trivial deformations of static spherically symmetric black holes to
locally anisotropic ones which have elliptic (in three dimensions) and el-
lipsoidal, toroidal and elliptic and another forms of cylinder symmetries
(in four dimensions). The second class consists from black holes with
oscillating elliptic horizons.
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1 Introduction
In recent years, there has been great interest in investigation of gravitational
models with anisotropies and applications in modern cosmology and astro-
physics. We showed that there are possible locally anisotropic inflational and
black hole like solutions of Einstein equations [9, 10] in the framework of so{
called generalized Finsler{Kaluza{Klein models [7] and in low{energy locally
anisotropic limits of (super) string theories [8].
In this paper we shall restrict ourselves to a more limited problem of
denition of black hole solutions with local anisotropy in the framework of
the Einstein theory (in three and four dimensions). Our purpose is to con-
struct solutions of gravitational eld equations by imposing symmetries dif-
fering in appearance from the static spherical one (which uniquely results in
the Schwarzschild solution) and search for solutions with congurations of
event horizons like rotation ellipsoids, torus and ellipsoidal and of another
form cylinders. We shall proof that there are possible elliptic oscillations in
time of horizons.
In order to simplify the procedure of solution and investigate more deeply
the physical implications of general relativistic models with local anisotropy we
shall transfer our analysis with respect to anholonomic frames which are equiv-
alently characterized by nonlinear connection structures [2, 3, 6, 7, 8]. This
geometric approach is very useful for construction of metrics with prescribed
symmetries of horizons and denition of conditions when such type black hole
like solutions could be selected from an integral variety of the Einstein eld
equations with a corresponding energy{momentum tensor. We show that, in
general, the symmetries of solutions are not completely determined by the eld
equations and coordinate conditions but there are also required some physical
motivations for choosing of corresponding classes of systems of reference (pre-
scribed type of local anisotropy and symmetries of horizons) with respect to
which the ’picture’ of interactions, symmetries and conservation laws is drawn
in the simplest form.
The paper is organized as follows: In section 2 we introduce metrics and
anholonomic frames with local anisotropies admitting equivalent nonlinear con-
nection structures. We write down the Einstein equations with respect to such
locally anisotropic frames. In section 3 we generalize the three dimensional
static black hole solution to the case with elliptic horizon and proof that there
are possible elliptic oscillations in time of locally anisotropic black holes. The
section 4 is devoted to four dimensional locally anisotropic static solutions with
rotation ellipsoidal, toroidal and cylindrical like horizons and consider elliptic
oscillations in time. In the last section we make some nal remarks.
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2 Anholonomic frames and nonlinear connec-
tions
In this section we outline the necessary results on spacetime dierential geom-
etry [4] and anholonomic frames induced by nonlinear connection structures
[6, 7, 8]. We examine an ansatz for locally anisotropic (pseudo) Riemannian
metrics with respect to coordinate bases and illustrate a substantial geometric
simplication and reduction of the number of coecients of geometric objects
and eld equations after linear transforms to anholonomic bases dened by co-
ecients of a corresponding nonlinear connection. The Einstein equations are
rewritten in an invariant form with respect to such locally anisotropic bases.
Consider a class of pseudo{Riemannian metrics
g = g (u
") du ⊗ du
in a d + 1 (d = 2; 3) dimensional spacetime V with components
g =
"




where gij = gij (u




are respectively some symmetric d
dimensional tensor and vector elds on d + 1 dimensional coordinates u =
(xi; v), and h = h (u) is a scalar eld. The Latin indices in (2.1) run from 1
till d and we note that both type of isotropic, xi; and the so{called anisotropic,
v; coordinates could be space or time like ones. We shall underline indices in
order to emphasize that components are given with respect to a coordinate
(holonomic) basis
e = @ = @=@u
 (2.2)
and/or its dual
e = du: (2.3)
The class of metrics (2.1) transform into a d + 1 block form
g = gij (u
") dxi ⊗ dxj + h (u") (v)2 (2.4)




=@xi = @i − ni (u") @(v); @(v)

(2.5)
where @i = @=x
i and @(v) = @=@v; with the dual basis being
 = u =




















































is inverse to (2.8).
The set of coecients N = fNi = ni (u")g (the bullet points to a v{
component) from (2.5) and (2.6) could be associated to components of a non-
linear connection (in brief, N{connection) structure dening a local decompo-
sition of spacetime into d isotropic directions xi and one anisotropic direction
v: The global denition of N{connection is due to W. Barthel [2] (the rigorous
mathematical denition of N{connection is possible on the language of exact
sequences of vector, or tangent, subbundles) and this concept is largely applied
in Finsler geometry and its generalizations [3, 6]. It was concluded [7, 8] that
N{connection structures are induced under non{trivial dynamical compacti-
cations of higher dimensions in (super) string and (super) gravity theories and
even in general relativity if we are dealing with anholonomic frames.
A N{connection is characterized by its curvature, N{curvature,
Ωij = @jni − @inj + ni@(v)nj − nj@(v)ni: (2.11)




i) v [6, 7].
For nonvanishing values of Ωij the basis (2.5) is anholonomic and satises
the conditions
 −  = wγγ ;
where the anholonomy coecients wγ are dened by the components of N{
connection
wkij = 0; w ij = −Ωij ; w(v)j = −@(v)ni; wi(v) = @(v)ni:
We emphasize that the elongated by N{connection operators (2.5) and
(2.6) must be used, respectively, instead of local operators of partial derivation
(2.2) and dierentials (2.3) if some dierential calculations are performed with
respect to any anholonomic bases locally adapted to a xed N{connection
structure (in brief, we shall call such local frames as la{bases or la{frames).
The torsion, T (γ ; ) = T

γ; and curvature, R ( ; γ)  = R

 γ;
tensors of a linear connection Γγ are introduced in a usual manner and,
respectively, have the components
T γ = Γ

γ − Γγ + wγ (2.12)
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and
R  γ = Γ

γ − γΓ + Γ’γΓ’ − Γ’Γ’γ + Γ’w’γ : (2.13)




and the scalar curvature is
R = gγRγ (2.15)
The Einstein equations with respect to a la{basis (2.6) are written
Rγ − R
2
gγ = kγ ; (2.16)
where the energy{momentum d{tensor γ includes the cosmological constant
terms and possible contributions of torsion (2.12) and matter and k is the
coupling constant. For a symmetric linear connection the torsion eld can be
considered as induced by the anholonomy coecients. For dynamical torsions
there are necessary additional eld equations, see, for instance, the case of
locally anisotropic gauge like theories [11].
The geometrical objects with respect to a la{bases are distinguished by
the corresponding N{connection structure and called (in brief) d{tensors, d{
metrics (2.4), linear d{connections and so on [6, 7, 8].





















where the v{components, anisotropic ones, are pointed out by bullets. Some
d{connection and d{metric structures are compatible if there are satised the
conditions
Dgγ = 0:








is dened by the coecients of d{metric (2.4), gij (x
i; v) and h (xi; v) ; and of





(kgnj + jgnk − ngjk) ; (2.18)
















The coecients of the canonical d{connection generalize with respect to la{
bases the well known Cristoel symbols.
For a d{connection (2.17) we can compute the non{trivial components of
d{torsion (2.12)
T ijk = L
i
jk − Likj ; T ij = Cij; T ij = −Cij;
T ij = −Ωij ; T i = @(v)ni − Lj ; T i = −T i:
In a similar manner, putting non{vanishing coecients (2.17) into the for-






mk − Lm:hkLimj − Ci:hΩ:jk;





k − LkLj − CΩjk;







−(@kCij + Li lkC lj − Ll jkCil − LkCij);







−(@kC + LkC − LkC − LkC):
The components of the Ricci tensor (2.14) with respect to locally adapted
frames (2.5) and (2.6) (in this case, d{tensor) are as follows:
Rij = R
k
i:jk; Ri = −2Pi = −P ki:k; Ri = 1Pi = P  i: (2.19)
We point out that because, in general, 1Pi 6= 2Pi the Ricci d{tensor is non
symmetric. This is a consequence of anholonomy of la{bases.
Having dened a d-metric of type (2.4) on spacetime V we can compute
the scalar curvature (2.15) of a d-connection D;
R = gR = bR; (2.20)
where bR = gijRij :
Now, by introducing the values of (2.19) and (2.20) into equations (2.16),











where ij; i; ; and i are the components of the energy{momentum
d{tensor eld. For simplicity, we omitted the upper left index c pointing
that for the Einstein theory the Ricci d{tensor and curvature scalar should be
computed by applying the coecients of canonical d{connection (2.18).
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3 Three dimensional black holes with local anisotropy
In this section we derive that the two types of three dimensional black hole
like solutions, obtained in the so{called locally anisotropic gravity [10], having
elliptic static or oscillating horizons, could be also redened in the framework
of the Einstein theory on three dimensional (pseudo) Riemannian spaces as
anisotropic deformations of the well known circular symmetric solutions [1].
3.1 Static solutions with elliptic anisotropy
Let us analyze a three dimensional metric of type (2.1) given with respect to
a coordinate basis for which u1 = x1 = r; u2 = x2 =  and u3 = v = t;
g =
264 g − h [n1]
2 −h n1 n2 −h n1
−h n1 n2 r2 − h [n2]2 −h n2
−h n1 −h n2 −h
375 ; (3.1)
where
g = g (r; ) ; h = h (r; ) ; n1 = n1 (r; ) and n2 = n2 (r; ) : (3.2)






264 1 0 00 1 0
−n1 −n2 1
375
to a la{basis (2.6)
u1 = dr; u2 = d and u3 = t = dt + n1dr + n2d
the metric (3.1) transforms into a d{metric (2.4)
g(BTZa) = g (r; ) dr
2 + r2d2 − h (r; ) v2; (3.3)
where
y = dt + n1 (r; ) dr + n2 (r; ) d:
The d{metric g(BTZa) (3.3) is similar to the well known Banados{Teitelboim{
Zanelli (in brief, BTZ) solution [1] but it depends additionally on angle coor-
dinate  and it is given with respect to a la{basis.
There are three non{trivial components of the Ricci d{tensor (2.19),
































The Einstein equations (2.21) for a energy{momentum tensor of type
 = diagf0; 0;−" (r; )g
(for a presureless ideal fluid with energy density " (r; )) and coecients (3.2))
transform into a system of two equations for three variables g (r; ) and n1 (r; )































Consequently, we nd the solution of (3.4) when the coecients of N{connec-
tion (equivalently, of la{frames) are considered as unknown variables,






















We can also invert the problem by xing an anholonomic system of reference
(i.e. the components of N{connection, n1 (r; ) and n2 (r; )) and try to check if
exist and construct a compatible solution for g (r; ) treating (3.4) as a system
of second order partial dierential equations.
It should be emphasized that the system of three dimensional Einstein
eld equations (3.4) does not contain the complete set of components of the
(pseudo) Riemannian metric (3.1) (for instance, the function h (r; ) is not in-
cluded as a dynamical variable). This is a consequence of the fact that the
Einstein theory does not prescribe a procedure for xing some anholonomic
frames of reference on spacetime. In the trivial case of local isotropy we can
restrict our constructions only to coordinate bases and dene three compo-
nents of metric (from six ones, in three dimensions) by xing some coordinate
conditions. The rest of three components of metric should be dened as dy-
namical variables from the Einstein equations when the Cauchy problem was
posed from some physical or geometric consideration. In more general cases
when it is necessary (for instance, in order to dene spinor elds), or conve-
nient to work with respect to some anholonomic frames (we have shown that
some classes of metrics like (3.1) are diagonalized via linear transforms to a
la{basis) the system of gravitational eld equations could not contain all com-
ponents of a metric under investigation. In this case we have to apply some
additional arguments of physical or geometrical nature in order to prescribe
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the type of symmetry of solution and, in consequence, the frame anisotropy, or
even to extend the theory and search for some additional eld equations like
in metric{ane, gauge models of gravity [5] (see [7, 8, 11] on motivations of
eld equations for the N{connection following from locally anisotropic spinor
and gauge gravity or in (super) gravity and string theories).
The integral variety of the system of partial dierential equations (3.4)
with xed functions for coecients n1 (r; ) and n2 (r; ) and energy density
" (r; ) denes the set of all possible static (depending on coordinates r and
) locally anisotropic solutions of three dimensional Einstein equations (2.21).
Explicit locally anisotropic metrics should be constructed by imposing the
type of symmetry and corresponding boundary conditions which results in
particular solutions to be transformed into usual BTZ black hole in the locally
isotropic limit.
To specify the problem we analyze the case, when the system admits an el-
liptic symmetry of solutions (the simplest anisotropic deformation of spherical
symmetry). Let " (r; ) ’ m(0) be the energy of a rest point particle of mass
m(0) (the light velocity is taken c = 1) with respect to la{frame. By straight-
forward computations we can check that the coecients of three dimensional
metric (3.1) (equivalently, d{metric (3.3))




1 +  cos

 − [0]
i2 + r2r2[0] ; (3.6)
where  < 1; p; [0] and r[0] are some constants and the index [e] points to
the chosen type of elliptic symmetry, satisfy the Einstein equations (2.16)
(equivalently (2.21)) if the value of g[e] (r; ) is put into the formulas (3.5) for




1;2 (r; ) :
The multipliers dening a three dimensional metric g (3.1) with ellip-
tic symmetry solving the Einstein equations are expressed via rational rates




; and " (r; ) ; where
h[e] (r; ) = −1=g[e] (r; ) ; h[e];r = @h[e]=@r; h[e]; = @h[e]=@ and h[e]; = @2h[e]=@2;
and can be written
g[e] = −1=h[e]; n[e]1 = h[e];r cH and n[e]2 = h[e]; cH;
where (for symplicity, redening the variables r and  to have r2[0] = 1 and
[0] = 0)












2 − h[e]; + 2kr2"h[e] h[e]; 2 − 2rh[e]h[e];r −1
Here we note that the N{curvature (2.11) of N{connection n
[e]
1;2 is non{
trivial, Ω[e]12 (r; ) 6= 0; and, in consequence, the la{bases [e] and [e] are
anholonomic.
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The set of values h[e] (r; ) ; g[e] (r; ) ; n[e]1 (r; ) and n[e]2 (r; ) for a met-
ric (3.1) (equivalently, for a d{metric (3.3) with respect to corresponding la{
dierentials (2.6)) denes a three dimensional solution of Einstein’s equation
which describe a black hole with elliptic horizon (on which h[e] (r; ) vanishes)
r2 =
p2r2[0]h




The expression (3.7) is just the squared parametric formula for an ellipse with
parameter p and eccentricity : If we impose the condition that in the local
isotropic limit we shall have the usual BTZ solution we can express the con-
stants p and r[0] via the standard ADM mass and cosmological constant, i.e.
p2 = m(0) and r
2
[0] = −1= [1]. The eccentricity  and axes orientation [0] are
given by the initial conditions on the la{frame of reference.
We note that every nonzero values of h (r; ) satisfy the Einstein equations.
The dependence −h (r; ) = 1=g (r; ) is xed from physical arguments that
in locally isotropic limit we shall obtain the three dimensional analog of the
Schwarzschild solution.
Finally, in this subsection, we emphasize that one can construct in a similar
fashion more sophisticate black hole solutions with local ansiotropy by consid-
ering arbitrary type of functions −h (r; ) = 1=g (r; ) for which r = r (r; )
parametrizes a closed nonintersecting curve modelling a locally anisotropic
static horizon. Such type of black hole like objects, described by metrics of
class (3.1) (equivalently, by d{metrics (3.3)) are contained in the usual three
dimensional Einstein gravity and have a simple interpretation of static, locally
anisotropic, deformations of circular symmetry of BTZ solutions.
3.2 Three dimensional black holes with oscillating ellip-
tic horizon
Let us consider a three dimensional pseudo{Riemannian spacetime V 3 covered
by local coordinates (x1 = t; x2 = r; v = ) : A new class of solutions of Einstein
equations can be generated by metrics of type
g =
264 a− h [n1]
2 1− h n1 n2 −h n1
1− h n1 n2 −h [n2]2 −h n2
−h n1 −h n2 −h
375 ; (3.8)
where
a = a (t; r) ; h(r) = r2; n1 = n1 (t; r) and n2 = n2 (t; r) : (3.9)
The la{frame one dimensional anisotropy is xed by d{metrics of type
s2 = gij (t; r; ) dx
idxj + r2 ()2 ; (3.10)
where
gij (t; r; ) =
"





 = d − n1 (t; r) dt− n2 (t; r) dr:
The corresponding to metric (3.8) (equivalently, d{metric (3.10)) non{trivial































and bR = 2R12:
Fixing a diagonal energy momentum d{tensor  = diag (−" (t; r) ; 0; 0) the














For every prescribed value of a = a (t; r) the induced la{frame anisotropy is




















From the set of solutions forming the integral variety of the Einstein equa-
tions (3.11) we select a particular solution with elliptic anisotropy when
a (t; r) = a[osc] (t; r) = −m (t)− r2 + J
4r2
(3.12)
is for a variable in time mass
m (t) =
m0
(1 +  cos (! (t− t0)) + '0)2
;
where ; J; m0; ; !; '0 and t0 are some constants and the energy (mass) density
is a time variation function, " (t; r) ’ m (t). The condition of vanishing of the
metric coecient (3.12) gives the parametric formulas for oscillations on time
of outer and inner horizons,















(1 +  cos ((! (t− t0)) + '0)) :
In order to make correspondence with the locally isotropic limit, i. e. with
rotating BTZ black holes, we establish the constant J to be the rotation mo-
ment of a black la{hole and  to be the cosmological constant (with the same
purpose we have xed h (r) = r2): The eccentricity  and constants ! and '0
are determined from the boundary conditions on the la{frame for a moment of
time t0: The formulas (3.13) illustrate the possibility of elliptic oscillations of
horizons of three dimensional black holes with local anisotropy. We emphasize
that more realistic physical models should be constructed by consideration of
radiation dissipative corrections of classical, or quantum nature.
4 Four dimensional locally anisotropic solu-
tions
Before presenting some explicit constructions of four dimensional solutions
with local anisotropy, of the Einstein equations, we briefly review the properties
of four dimensional metrics which transforms into (3+1) anisotropic d{metrics
(we note that this is not a (space + time) but a (isotropic + anisotropic)
decomposition of coordinates) with respect to correspondingly dened anholo-
nomic bases of tetrads (vierbeins).
The local coordinates on a four dimensional (pseudo) Riemannian space-
time V 4 are denoted in general form u = (ui = xi; u4 = v) ; where i = 1; 2; 3:
The ansatz for metric g with respect to this coordinate base is chosen
g =
26664
g11 − h [n1]2 g12 − h n1 n2 −h n1 n3 −n1h
g21 − h n1 n2 g22 − h [n2]2 −h n2 n3 −n2h
−h n1 n3 −h n2 n3 g33 − h [n3]2 −n3h















and, for simplicity, we consider g13 = g31 = 0 and g23 = g32 = 0: With respect
to the la{basis (2.6) this metric transforms into a d{metric
s2 =
264 g11 g12 0g21 g22 0
0 0 g33
375 dxi ⊗ dxj − h (v)2 : (4.2)
The aim of this section is to construct some classes of locally anisotropic
solutions of the Einstein equations (2.21). The rst class will have a locally
isotropic, spherical symmetry, limit (for ni (u
) ! 0) to a conformally trans-
form of the metric


















which in terms of the radial variable r = r (1 + rg=4r)

















with a gravitational radius rg = 2km0=c
2 (here we have written down the light
velocity constant c; which in this work is considered to be c = 1): The second
class of solutions will have cylindrical like locally anisotropic horizons and in
particular cases they are conformally equivalent to some cylindrical extensions
to four dimensions of the BTZ three dimensional metrics. The third type of
solutions will be a cylindrical type extension of three dimensional black holes
with the elliptic oscillations in time of horizon.
The energy{momentum d{tensor in (2.21) will be considered in diagonal
form  = diagfp1; p2; p3;−"g with the matter state equation " ’ −p(i) to be
satised in a nite region inside of the horizon of events.
For the classes of solutions to be considered below (with respect to la{bases)
the vv{component of metric, h = h (u) ; will be not contained as a dynamical
variable of eld equations. This is the consequence of the fact that in four
dimensions only six components of the metric could be dened as dynamical
variables from the Einstein equations. The rest of four components of metric
should be determined from physical considerations by xing a corresponding
system of reference. We shall choose the function h = h (u) as to obtain in the
locally anisotropic limit a correspondence with the well known Schwarzschild
or cylindrically extended BTZ solutions.
The horizon’s hypersurface equations for black hole like solutions will be
found from the condition of vanishing of the ’time{time’ component of d{
metric. We shall work with metrics (static or oscillating in time) of symmetries
being more general than the static spherical or rotational cylinder ones when
the corresponding horizons will be of ellipsoidal, toroidal, elliptic cylinder and
another forms. Having formally prescribed the type of symmetry, the task will
be to prove that such type particular solutions can be selected from a general
integral variety of solutions of Einstein’s equations.
We note that the Einstein’s eld equations form a nonlinear system of
second order partial dierential equations. In order to construct physically
reasonable particular solutions we have to impose the type of symmetry, cor-
responding boundary conditions (to set the Cauchy problem) and try to a
compatibility with some known limit cases (for instance, the Newton’s law,
Schwarzschild solution and so on). For simplicity, we shall restrict our con-
structions of solutions only with the simplest type of anisotropies (ellipsoidal
and cylindrical). As a matter of principle we can choose very sophisticate
forms of locally anisotropic horizons of solutions (like the three dimensional
prole of an arbitrary deformed body); the problem is to dene by using the
N{connection coecients the corresponding anholonomic frame with respect
to which the Einstein equations and horizon’s hypersurface equation can be
solved in the simplest form.
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4.1 Solutions with elliptic cylinder symmetry
An extension to four dimensions of the solution for three dimensional elliptic
black holes with metric (3.1) (equivalently, d{metric (3.3)) can be constructed
by using the local cylindrical coordinates u = (x1 = ; x2 = '; x3 = z; v = t)
(where  and ' are the usual rotation radius and angle in the plane perpen-
dicular to the axis z) on a (pseudo) Riemannan spacetime V 4 provided with a
metric of type (4.1), where
g11 = g22 = exp q (; ') ; g12 = g21 = 0; g33 = 1; h = exp w (; ') (4.5)
and
n1 = n1 (; ') ; n2 = n2 (; ') (with n3 = 0)
are some functions on variables (; ') :
The d{metric following from the parametrizations (4.5) is
s2 = eqd2 + eqd'2 + dz2 − ew (t)2 ; (4.6)
where
t = dt + n1d + n2d':
The Einstein equations (2.21) for the d{metric (4.6) and a diagonal en-
ergy momentum d{tensor  = diagf0; 0; p3 (; ') ;−" (; ')g transform into
a system of three (non{trivial) equations















































which in the non{vacuum case are compatible for the equations of state of
matter " = −p3 (as for the scalar elds in inflational theories).
The values of N{connection coecients following from (4.7) are





































The function w = w (; ) is not contained as a dynamical variable in this
form of Einstein’s equations (having analogy to the three dimensional case
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in subsection 3.1). It should be dened from some symmetry conditions and
compatibility with the isotropic limit. In order to choose a particular solution
from the integral variety of (4.7) with the symmetry of elliptic cylinder we
prescribe the dependencies




1 +  cos

'− '[0]
i2 + 22[0] ; (4.8)
where 0 <  < 1 and p; '[0] and [0] are some constant values, for which
(after computing the corresponding partial derivatives @q[ec]=@; @q[ec]=@' and
@2q[ec]=@





of an algebraic system of two equations following from (4.7).
The condition of vanishing of w[ec] (; ') from (4.8) denes the parametric
equations of horizon’s hypersurface
x3 = z;
2 = − p
22[0]h




being an elliptic cylinder.
4.2 Rotation ellipsoidal static black hole solution
In this subsection we shall construct a four dimensional black hole like solution
of the Einstein equations with the horizon parametrized by the equation of the
elongated rotational ellipsoid (see below the formula (4.14)) when the d{metric
g (4.2) is conformally equivalent to an ellipsoidal deformation of the static
spherical solution (4.3).
The special system of coordinates (to be considered only in this subsection)
(x; y; z; t) is introduced
x1 = x = r sinh  sin  cos '; x2 = y = r sinh  sin  sin ';
x3 = z = r cosh  cos  and v = t;
when  = cosh ; and the quadratic element is
dl2 = r2
nh




+ (sinh  sin )2 d'2
o
:
The metric of type (4.1) is parametrized by
g11 = g22 = A (; ) ; g12 = g21 = 0; g33 = 1; h = Q
2 (r; ; ) (4.9)
The corresponding d{metric is of the form
s2 = dl2# −Q2 (r; ; ) (t)2 ; (4.10)
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where
dl2# = A (; ) d
2 + A (; ) d2 + d' = r−2 (sinh  sin )
−2 dl2;
with
A (; ) =
(sinh )2 + (sin )2
(sinh  sin )2
> 0; sin  6= 0;
t = dt + n1 (; ) d + n2 (; ) d
and the function Q2 (r; ; ) will be determined from the condition that in
the locally isotropic limit our solution will be conformally equivalent to the
spherically symmetric solution (4.3).
D{metrics of type (4.10) were examined in the previous subsection (see
(4.6)). By performing a change of variables and functions,
(; ') ! (; ) ; eq ! A and ew ! Q2;
we can write down the Einstein equations for a diagonal energy{momentum
d{tensor  = diagf0; 0; p3 (; ) ;−" (; )g;













































where f = ln A; and there are satised the compatibility conditions " = −p3:
The values of N{connection coecients solving (4.11) are





































If we choose the d{metric component g44 = Q
2 (r; ; ) (which for this
type of la{solutions is also the ’time-time’ component’ in the form








−4 (sinh  sin )−2 ; (4.13)
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the d{metric (4.10) in the locally isotropic limit is conformally equivalent with
the factor (1 + rg=4r)
4 (sinh  sin )2 to the coecients of the spherical sym-
metric metric (4.3).
The condition of vanishing of the coecient (4.13) denes the parametric
formula of a locally anisotropic black hole horizon
x2 + y2







which is an elongated rotational (along the axis z) ellipsoid obtained as a
deformation of the spherical horizon of the Schwarzschild solution (here we
note that the coordinates (x; y; z) have been chosen to correspond to locally
isotropic radial coordinates (r; ; ') from (4.3).
The set of variable for the coecients (4.9) of the d{metric (4.10) together
with the values of N{connection coecients (4.12) denes the ansatz for a
metric (4.1) (equivalently, d{metric (4.2)) solving the Einstein equation and
dening a four dimensional black hole solution with local anisotropy and hori-
zon being an elongated rotational ellipsoid.
Finally, in this subsection, we note that a flattened rotational black hole
solution could be constructed in a similar fashion if instead of hypersurface







and the special coordinate system is introduced by transforms
x = r cosh  sin  cos '; y = r cos  sin  sin '; z = r sinh  cos ;
with  = sinh ; which induce the quadratic element
dl2 = r2
nh




+ (cosh  sin )2 d'2
o
and another form for the function A = A(; );
A(; ) ! A(; ) = (sinh )
2 + (cos )2
(cosh  sin )2
> 0; sin  6= 0:
4.3 Plane deformed solutions with diagonal d{metric
Now we investigate a class of metrics (4.1) for which
g11 = g1(x; y); g22 = g2(x; y); g12 = g21 = 0; g33 = 1; h = U
2 (r) (4.15)
are given on coordinates (x; y; z; t) with r2 = 
2 (x + y) + z2; where  =
 (x + y) is the radial coordinate of a closed dierentiable curve in the plane
(x; y) ; perpendicular to the z{axis. The corresponding d{metric is of the form
s2 = dl2[g1;2] − U2 (r) (t)2 ; (4.16)
16
where
dl2[g1;2] = g1(x; y)dx
2 + g2 (x; y) dy
2 + dz2
and
t = dt + n1 (x; y) dx + n2 (x; y) dy:
The non{trivial components of the Einstein d{tensor G = R

− 12R are
















# (x; y) ;
G33 = −R11 −
1
2
# (x; y) ;
where




















































The Einstein equations (4.11) for a diagonal energy{momentum d{tensor
 = diagf0; 0; p3 (x + y) ;−" (x + y)g with matter state equations " = −p3
can be solved for arbitrary two functions
g1 = bg1 () and g2 = bg2 () ;











































!235 e−g2 = 2k" = −2kp(3);
where we have taken into account the equalities @bg1;2=@x = @bg1;2=@y:
The values of N{connection coecients n1 (x + y) and n2 (x + y) are found
by solving the system of algebraic equations (4.17).
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We relate the d{metric (4.10) with a locally anisotropic and conformal













The condition of vanishing of U2 (r) describes the solution’s three dimensional




z2 + 2 (x + y):
This describes plane,  (x + y){modelled, locally anisotropic solutions.
4.4 Static anisotropic solutions depending on two vari-
ables
This particular type of metrics (4.1) are parametrized
g11 = 1; g22 = 1; g12 = g21 = 0; g33 = b(; z); h = K(r) (4.18)
given on V 4 in coordinates (x; y; z; t) with r2 = ec22 + z2 and  =  (x + y) ;
being a function on (x + y) describing a closed curve in the plane (x; y) (as in
the previous subsection) and ec is a non{zero real constant. The corresponding
d{metric is of the form
s2 = dl2[b] −K (r) (t)2 (4.19)
where
dl2[b] = dx
2 + dy2 + b (; z) dz2
and
t = dt + n1 (; z) dx + n2 (; z) dy + n3(; z)dz:
We note that this type of metrics and d{metrics depends on three space
variables and there are three non{trivial components of N{connection struc-
ture.







































R33 = R11 + R22;
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where we have applied the equality @b=@x = @b=@y:
The Einstein equations (2.21) with energy{momentum d{tensor
 = diagf0; p(2); 0;−"g





























= −kp[2] = k"
which allows the denition of the coecients of N{connection
n1;2;3 = n1;2;3 ( (x + y) ; z)
by solving an algebraic system of three equations for every prescribed values
of b = b ( (x + y) ; z) and " = −p[2]:
We are interested in denition of a particular solution of the gravitational
eld equation (2.21) with a closed horizon hypersurface. For instance, we can
consider hypersurfaces given by the equations
2 (x + y) +
z2ec2 = 1:













and the constant ec2 = rg=4: The d{metric (4.19) with prescribed values of
K (r) and b (; z) dene a black hole like solution, with local anisotropy,
of the Einstein equations which, with the accuracy of the conformal factor
[1 + rg=4r]
−4 ; is a la{deformation of the spherical symmetric metric (4.3).
4.5 Black hole with torus horizon
In this case the metric (4.1) is parametrized
g11 = g22 = (cosh  − cosh )−2 sinh−2 ; g12 = g21 = 0; g33 = 1; h = B (r?; ; )
(4.20)
given on V 4 in coordinates (x; y; z; t) where
x =
r? sinh  cosh '
cosh  − cosh  ; y =
r? sinh  sinh '
cosh  − cosh  ; z =
r? sinh 
cosh  − cosh  ;
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−    ; 0   <1; 0  ' < 2:
For a xed value of r? these coordinates describe a torus hypersurfaceq






The d{metric to be investigated is of the form
s2 = dl2[ ] −B (r?; ; ) (t)2 (4.21)
where
dl2[ ] = exp [j (; )]

d2 + d 2

+ d'2;
exp [j (; )] = (cosh  − cosh )−2 sinh−2 ;
and
t = dt + n1 (; ) d + n2 (; ) d:





























The Einstein equations (2.21) with energy{momentum d{tensor
 = diagf0; 0; p(3);−"g
























which allows the denition of the coecients of N{connection
n1;2 = n1;2 (; )
by solving an algebraic system of two equations for some prescribed values of
j (; ) and " = −p[3]:
A particular solution of the gravitational eld equation (2.21) with a closed
horizon hypersurface can be obtained if the time{time d{metric component is
chosen














and vanishes if r? = rg=4: The d{metric (4.19) with prescribed values of
B (r; ; ) and j (; ) dene a black hole like solution (more exactly a black
ellips with a elliptic torus horizon, with local anisotropy, of the Einstein equa-
tions which, with the accuracy of the conformal factor r2? sinh
2  [1 + rg=4r]
−4 ;
is a la{deformation of the spherical symmetric metric (4.3).
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4.6 Solutions with oscillating elliptic cylinder horizon
Three dimensional metrics (3.8) (equivalently, d{metrics (3.10)) can be ex-
ended to four dimensions as elliptic cylindrical, with oscillating in time hori-
zons, solutions of the Einstein equations.
The local coordinates on V 4 are chosen (x1 = t; x2 = ; x3 = z; u4 = ') ;
where ' is the rotation angle in the plane perpendicular to the axes z and the
metric (4.1) is parametrized
g11 = a (t; ) ; g12 = g21 = 1; g22 = 0; g33 = 1; h = h () (4.22)
which results in a d{metric of type
s3 = gij (t; ) dx
idxj + h () (')2 ; (4.23)
where
gij (t; r) =
264 a (t; ) 1 01 0 0
0 0 1
375 and h () = 2
and
 = d − n1 (t; ) dt− n2 (t; ) dr:
Fixing a diagonal energy momentum d{tensor  = diag (−" (t; ) ; 0; 0; 0)














Similarly to the three dimensional case we can select a particular solution
(with elliptic cylinder symmetry) from the integral variety of the Einstein
equations (4.24) by xing
a (t; ) = a[osc] (t; ) = −m (t)− 2 + J
42
; (4.25)
for a variable in time mass
m (t) =
m0
(1 +  cos (! (t− t0)) + '0)2
;
where ; J; m0; ; !; '0 and t0 are some constants and the energy momentum
d{tensor is chosen to be diagonal  = diag (−" (t; ) ; 0; 0; 0). In four di-
mensions the condition of vanishing of the time{time metric coecient (4.25)
gives the parametric formulas for oscillation in time outer and inner horizons,
z = z















(1 +  cos ((! (t− t0)) + '0))
which denes two elliptic cylinders. The physical treatment of constants is
given for the three dimensional case (see the section 3.2).
5 Final remarks
We have presented new classes of three and four dimensional black hole solu-
tions with local anisotropy which are given both with respect to a coordinate
basis or to an anholonomic frame dened by a nonlinear connection struc-
ture. We proved that for a corresponding ansatz such type of solutions can
be imbedded into the usual (three or four dimensional) Einstein gravity. It
was demonstrated that in general relativity there are admitted static, but
anisotropic (with nonspheric symmetry), and elliptic oscillating in time black
hole like congurations with horizons of events being elliptic (in three dimen-
sions) and rotation ellipsoidal, elliptic cylinder, toroidal and another type of
closed hypersurfaces or cylinders.
From the results obtained, it appears that the components of metrics with
generic locally anisotropy are somehow undertermined from eld equations if
the type of symmetry and a correspondence with locally isotropic limits are
not imposed. This is the consequence of the fact that in general relativity only
a part of components of the metric eld (six from ten in four dimensions and
three from six in three dimensions) can be treated as dynamical variables. This
is caused by the Bianchi identities which hold on (pseudo) Riemannian spaces.
The rest of components of metric should be dened from some symmetry
prescriptions on the type of locally anisotropic solutions and corresponding
anholonomic frames and, if existing, compatibility with the locally isotropic
limits when some physically motivated coordinate and/or boundary conditions
are enough to state and solve the Cauchy problem.
Some of the problems discussed so far might be solved by considering more
general theories containing non{trivial torsion elds, metric{ane and gauge
gravity and so{called generalized Finsler{Kaluza{Klein models. More general
solutions connected with locally anisotropic low energy limits in string/M{
theory and supergravity could be also generated by applying the method of
computation with respect to anholonomic (super) frames adapted to a nonlin-
ear connection structure. This topic is currently under study.
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